Abstract. F or linear control systems with coe cients determined by a dynamical system null controllability is discussed. If uniform local null controllability holds, and if the Lyapounov exponents of the homogeneous equation are all non-positive, then the system is globally null controllable for almost all paths of the dynamical system. Even if some Lyapounov exponents are positive, an irreducibility assumption implies that, for a dense set of paths, the system is globally null controllable.
Introduction
The purpose of this paper is to study the local and global null controllability of the family of linear control systems x 0 = A(T t (!))x + B(T t (!))u x 2 R n u 2 U R m U compact convex (1.1) where the coe cients A(T t (!)) 2 R n n and B(T t (!)) 2 R n m are determined by a dynamical system T t : ! ( t 2 R) on a compact metric space . We assume that an ergodic measure on is given and that the results of interest may only hold on a set f!g with -probability 1 . The variables x and u represent, respectively, the state and control of the system. The control function u( ) will be assumed to be a measurable map of R into U. The linear control system is driven by the dynamical system fT t g which is not in uenced by the control system. It can be interpreted in a variety o f w ays. For example, if the coe cients are almost periodic functions of t, a classical construction in the theory of di erential equations yields the system fT t g as the shift on the closure of the set of translates of the coe cient functions in the space of continuous functions.
We d e v ote special attention to control problems where only the amplitudes of time varying perturbations in the coe cients are known:
x 0 = A(w(t))x + B(w(t))u x 2 R n u 2 U R m w 2 W R k : (1.2) Here U is a compact convex set containing the origin. In regard to the values of the coe cients A and B, w e assume that f(A(w) B (w)) j w 2 Wg is bounded in R n n R m n . Systems of the form (1.2) can be reformulated as = A(w 0 )x + B(w 0 )u via the perturbation terms A(w) ; A(w 0 ) a n d B(w) ; B(w 0 ). We c a n r egard w( ) a s a t ypical path of a stationary ergodic process fw t g with values in W. The stability properties of the homogeneous equations x 0 = A(w(t))x w( ) 2 W, h a ve been studied in 3], see also the survey 2]. Here the sets of Lyapounov exponents and the corresponding initial points have been characterized.
Our goal in the present paper is to prove local controllability results which are uniform in the path w( ), then to prove global controllability statements which hold for almost all paths w( ) (see x 2 for the de nitions of local and global null controllability). Such results have been proved previously by Johnson and Nerurkar 7, 8] when the stationary ergodic process satis es a uniform recurrence assumption. T h e m a i n p o i n t here is to relax this assumption. We will instead impose the hypothesis that the hull (see x 2) of the stationary ergodic process fw t g is the topological support of an ergodic measure . T h i s h ypothesis is very natural in the present c o n text: it leads to no restriction on the class of systems (1.2) which w e can study, and avoids the uniform recurrence assumption.
Under this hypothesis we w i l l p r o ve the following results. (iii) Even if some Lyapounov exponents are positive, an \irreducibility" assumption implies that, for a dense set of paths w( ), the process (1.2) is globally null controllable. The paper is organized as follows. In x 2 w e repeat some basic de nitions, including those of local and global null controllability. W e also review the \randomization" procedure by which the stationary ergodic process fw(t)g is identi ed with a topological dynamical system. This construction permits the application to (1.2) of various techniques of topological dynamics. In fact such tools will be applied in x 3, where we study (uniform) local null controllability, and in x 4, where global null controllability is treated.
We wish to note that Baranova 1 ] has published a proof of our Theorem 4.5 regarding the global null controllability of (1.2) when the Lyapounov exponents of the homogeneous equation are non-positive.
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De ne = c l s f! j w( ) is a path of fW t gg where the closure is taken with respect to the product of the weak-* topologies on L 1 (R R n n ) resp. L 1 (R R n m ). It follows from our assumption that fA(w) B (w) j w 2 W g is bounded in R n n R n m that is compact.
Moreover is invariant under shift ow de ned by (T t !)(s) = !(t + s) (! 2 t s 2 R):
The pair ( fT t g) de nes a topological ow, or continuous dynamical system, because the map T : R ! : (! t) ! T t ! is continuous.
Next let W be the path space of the stationary ergodic process fW t g, and let be the corresponding probability measure on W. L e t i : W ! : w( ) ! ! be the natural map, and let be the image measure on . Then is a Radon measure on which is ergodic with respect to the ow ( fT t g) 6]. Convention 2.3. We rede ne to be the topological support of the measure .
This convention clearly entails no loss of generality if one is interested in properties of the control process (1.2) which are valid for almost all paths w( ).
We n o w consider the family of control processes We emphasize that, in what follows, the only hypotheses on which we will need are: (i) that it is weak -compact and translation invariant i n L 1 (R R n n ) L 1 (R R n m ) (ii) that it is the topological support of the ergodic measure .
Definition 2.4. The family of control processes f(2.1) ! j ! 2 g is said to be uniformly locally null controllable if there is a T > 0 and a neighborhood V of 0 2 R n such t h a t e a c h x 0 2 V can be steered to zero in time T by t h e process (2.1) ! (! 2 ).
In x 3 w e will study the concept of uniform local null controllability. W e will use a theorem of 7] which w e n o w recall. Definition 2.5. The ow ( fT t g) is called minimal or uniformly recurrent if every orbit fT t (!) j t 2 Rg is dense in (! 2 ).
An equivalent de nition is that the only nonempty compact invariant subset of is itself. See 5] for a detailed discussion of the theory of minimal sets. It is easy to see that, since is the topological support of the ergodic measure , the orbit fT t (!) j t 2 Rg is dense in for -a.e. ! 2 .
However minimality i s a m uch more restrictive condition.
The result of 7] which w e will use is the following (Theorem 2.10 of 7]). Theorem 2.6. Suppose that the ow ( fT t g) is minimal. Suppose that the process (2.1) ! 0 is locally null controllable for a single point ! 0 2 . T h e n the family f(2.1) ! j ! 2 g is uniformly locally null controllable.
Local Null Controllability
We study the family of control processes (2.1) ! where is the topological support of an ergodic measure . Our goal is to generalize Theorem 2.6 to this situation.
Our starting point is a result of Barmish-Schmitendorf, which also began Here the control function u : R ! U is any measurable U-valued function. The set U is assumed to be compact and to contain 0 2 R m . 
Hence writing ! n = T tn (!):
where e z n (t) is the solution of the adjoint system z 0 = ;A (T t (! n ))z which satis es e z n (0) = z (t n ) kz (t n )k .
Passing to a subsequence, we can assume that e because it is not clear that H U (B (T t (! n ))e z n (t)) converges pointwise to H U (B (T t (e !))e z(t)). However we can apply the theory of measurable selec- 
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But then (3.2) e ! is not locally null controllable, and this contradicts the rst part of the proof. So Theorem 3.3 is veri ed. Next we review a basic construction which will be useful in developing our theory. W rite (! t) for the n n matrix solution of (4.1) which is the n n identity a t t = 0 . W e note that, by a c o n venient smoothing trick due to Ellis 5] , t h e r e i s a c hange of variables x = P 1 (T t (!))y with continuous invertible coe cient function P 1 : ! R n n such that the transformed coe cient matrix Turning to the promised construction, let g be an element of the orthogonal group O(n). We can use the Gram-Schmidt procedure to write (! t) = G(! g t) E(! g t) where G(! g t) 2 O(n) a n d E(! g t) is a triangular matrix with zeros above the main diagonal and positive diagonal entries. Write z = ( ! g) 2 O(n). Using the \cocycle identity" (! t s) = ( T t (!) s ) (! t), one checks that the maps b T t : z = ( ! g) ! (T t (!) G (! g t)) de ne a ow o n O(n). We proceed to analyze the family of processes (4.3). The rst step is to state the following ergodic theoretic result, proved by S c hneiberg 14]. and if the family (3.2) ! is uniformly locally null controllable, then (3.2) ! is globally null controllable for -a.e. ! 2 . That is, we will nd a set with ( ) = 1 s u c h that, if ! 2 , then each v ector x 0 2 R n can be steered to zero by (3.2) ! . ( T h e t i m e T which it takes to steer x 0 to zero may depend on ! and x 0 .)
First let e ij (1 i j n) be the entries of the matrix function e : Z ! R n n , t h us e ij = 0 i f i < j . It is known (e.g., 9]) that the Lyapounov We prove a preliminary steering lemma. Let us say that a vector x 0 2 R n can be !-steered to another vector x 1 Lemma 4.3. Let ! 2 . I f a v e ctor x 0 2 R n can be !-steered t o a v e ctor x 1 , in time T 1 , a n d i f x 1 can be T t 1 (!)-steered t o x 2 in time T 2 , then x 0 can be !-steered t o x 2 in time T 1 + T 2 . Proof. Let u 1 and u 2 be admissible controls which steer x 0 to x 1 and x 1 to x 2 respectively. Then the control u(t) = ( u 1 (t) 0 t < T 1 u 2 (t ; T 1 ) T 1 t T 1 + T 2 will !-steer x 0 to x 2 in time T 1 + T 2 .
We n o w p r o ve Lemma 4.4. Suppose that the family of control processes f(3.2) ! j ! 2 g is uniformly locally null controllable (see x 3). Let z 2 Z . There exists > 0 such that, for each a y 2 : : : y n 2 R with jaj > 2 , t h e v e ctor (a y 2 : : : y n ) t can be z-steered t o a v e ctor (b v 2 : : : v n ) t with jbj < jaj ; . then one might c o n j e c t u r e t h a t t h e h ypothesis holds.
(c) If the hypothesis of Theorem 4.8 holds, and if at least one Lyapounov exponent r is strictly positive, then a well-known result of Pandol 11] implies that ( ) = 0 . T h us is measure-theoretically invisible. On the other hand, is topologically quite large for example if 1 i s a n y residual set then \ 1 6 = . T h us for example must contain points ! 2 with dense orbit.
